We study generalized Dirac oscillators with complex interactions in (1+1) dimensions. It is shown that for the choice of interactions considered here, the Dirac Hamiltonians are η pseudo Hermitian with respect to certain metric operators η. Exact solutions of the generalized Dirac Oscillator for some choices of the interactions have also been obtained. It is also shown that generalized Dirac oscillators can be identified with Anti Jaynes Cummings type model and by spin flip it can also be identified with Jaynes Cummings type model.
I. INTRODUCTION
The Dirac oscillator which is linear in both momenta and coordinates is one of a few relativistic systems admitting exact solutions [1] [2] [3] . This system has many applications and over the years it has been studied extensively by a number of authors [4] . Various exactly solvable generalizations of the Dirac oscillator have also been proposed [5] . On the other hand during the last decade non Hermitian interaction in non relativistic [6] as well as relativistic quantum mechanics [7] have been examined from various points of view. One of the main interest in the study of such systems is that a class of potentials, namely the PT symmetric [8] and η-pseudo Hermitian [9] ones admit real eigenvalues despite being non Hermitian. Analogues of some of these non Hermitian systems have been found in optics [10] and have also been realized experimentally [11] .
It may be noted that relativistic non Hermitian (PT symmetric) interactions can be realized in optical structures [12] . Also there exists photonic realization of the (1 + 1) dimensional Dirac oscillator [13] . Here we shall consider η-pseudo Hermitian interactions in the context of relativistic quantum mechanics [14, 15] . To be more specific, we shall examine η pseudo Hermitian interactions within the framework of generalized Dirac oscillator in (1 + 1) dimensions. In particular, we shall obtain a class of interactions which are η-pseudo Hermitian and the metric operator η will also be found explicitly. Subsequently we shall employ the mapping between the Dirac oscillator and the Jaynes Cummings (JC) model [16] [17] [18] to obtain a class of exactly solvable non Hermitian JC as well as anti Jaynes Cummings (AJC) type models.
The rest of the paper is organized as follows: sec. II introduces the generalized Dirac oscillator system and discusses the conditions for which it is pseudo hermitian. Sec. III provides two explicit examples. Sec. IV discusses the relation with the generalized AJC and JC type models while sec. V contains the conclusions.
II. PSEUDO HERMITIAN GENERALIZED DIRAC OSCILLATOR
To begin with we note that the Hamiltonian of the Dirac oscillator in (1 + 1) dimensions is given by [19] 
where c is the velocity of light and σ x and β = σ z are the standard Pauli matrices given by
The generalization of this system can be constructed by the replacement mωx → f (x) :
and the corresponding eigenvalue equation reads
In terms of the components the above equation reads
Now decoupling the components one finds
where
Note that A # and A may be interpreted as generalized creation and annihilation operators 1 . Clearly the above pair of equations can be interpreted as Schrödinger equations. Obviously any interaction, Hermitian or non Hermitian has to be introduced through the term f (x). We shall now show that certain choices of the interaction f (x) the Dirac Hamiltonian (1) is pseudo Hermitian with respect to a metric η.
It may be recalled that a Hamiltonian H is said to be η pseudo Hermitian if it satisfies the relation [9]
where η is a Hermitian operator (called the metric operator). An interesting property of pseudo Hermitian operators is that the eigenvalues are all real or occur in complex conjugate pairs. In this context it may be mentioned that the metric operator is not unique. Furthermore there is no fixed procedure to construct the metric operator and the construction of such an operator depends on the nature of the interaction. Now in the context of the interactions discussed in this work (see Section III) we follow ref. [20] , and consider the Hermitian operator
where θ is a real parameter. Then it can be shown that η has the following properties [20] ηcη
where c, V (x) and ψ(x) denote respectively a constant, potential and a wave function. Now making use of (10) it can be shown from (3) that
where η 2 = ηI 2 , I 2 being the (2 × 2) unit matrix. So, it follows that for any interaction which satisfies the condition
we have
In other words whenever the condition (12) is satisfied the Dirac Hamiltonian (3) is η pseudo Hermitian irrespective of whether it admits exact solutions or not. It 1 We have used the notation A # instead of A † keeping in mind that we shall always consider f (x) to be complex. 2 A # is actually pseudo adjoint of A since it can be shown that
may be noted that one could consider a position dependent mass term and/or a scalar potential term in (1) [13] and in that case the Dirac Hamiltonian would have been η pseudo Hermitian if the mass function and/or the potential satisfied the condition (12) . We shall now consider some exactly solvable cases to illustrate the formalism.
III. EXPLICIT REALIZATIONS OF THE GDO
Here we shall consider two different examples of pseudo Hermitian interactions by choosing suitable expressions for f (x).
A. Example 1.
Let us first consider [20] f (x) = D − (A + iB)e −αx (14) where
Then using (10) it can be shown after a little algebra that
Thus (14) satisfies the condition in (12) and so the generalized Dirac oscillator is η pseudo Hermitian. In order to obtain exact solutions of the problem we use (14) in (7) and obtain
The above potentials are complexified Morse potential whose solutions are well known [21] . The energy eigenvalues and the corresponding wave functions of V − (x) are given by
It may be noted that the pair of potentials V ∓ (x) are shape invariant [21] and consequently the energy eigenvalues and eigenfunctions of one may be obtained from those of the other (alternately the relations (5) may be used). The energy eigenvalues and the eigenfunctions for V + (x) can be found to be
Therefore the solutions of the generalized Dirac oscillator problem is given by
Finally we note that for a Hamiltonian H which is pseudo Hermitian with respect to a metric operator η, there exists an operator ρ = √ η such that
where h is a Hermitian Hamiltonian [9] . For the Dirac Hamiltonian (3) it can be shown that (22) amounts to the following
where g(x) is some real function. For the present example, ρ = e −θpx/2 and it can be shown that
so that
is a Hermitian Hamiltonian.
B. Example 2.
Let us now consider another example [22, 23] and take
with A, α, a and b real (A, α > 0). Then it follows that
so that the Dirac Hamiltonian with the interaction (26) is pseudo Hermitian with respect to the metric in (27). In this case the effective potentials are complex periodic ones and are given by
These potentials belong to the category of exactly solvable Rosen-Morse potential. For example, the solution for
where P (a,b) n (y) denotes Jacobi polynomials. Now making use of these results we find that for the Dirac Hamiltonian 
IV. PSEUDO HERMITIAN AJC AND JC TYPE MODELS:
The JC and AJC models are a couple of very important exactly solvable models in quantum optics. Over the years various generalizations of these models, for example, those constructed with generalized creation and annihilation operators leading to shape invariant Hamiltonians [24] , non Hermitian ones [25] have been studied. On the other hand the relation between the Dirac oscillator and the JC model has also been noted by many authors [16] [17] [18] . Here it will be shown that depending on the interaction f (x) the generalized Dirac oscillator Hamiltonian can be mapped either to the pseudo Hermitian AJC type or the JC type Hamiltonians.
A. Non Hermitian AJC type models
The Hamiltonian for the a simple AJC model reads
where σ ± = 1 2 (σ x ± iσ y ) and a † and a are harmonic oscillator creation and annihilation operators. The generalization of this Hamiltonian can be obtained in a straightforward manner by making the replacements a → A, a † → A # and the resulting generalized AJC Hamiltonian reads
where A, A # are given by (7) . Clearly one can identify (32) with (3) if we choose
Now if the interaction f (x) is chosen properly then we obtain an exactly solvable generalized η pseudo Hermitian AJC model. For example, if we choose f (x) as in (14) then we obtain an exactly solvable η pseudo Hermitian AJC model whose solutions are given by (20) . Clearly one may choose various other forms of f (x) which result in exactly solvable pseudo Hermitian AJC type models.
B. Pseudo Hermitian JC type models
We note that a simple JC model in one dimension may be taken as
where the symbols are the same as in GAJC model. A generalization of this Hamiltonian is given by
However the generalized Dirac oscillator Hamiltonian (35) can not be identified with the Hamiltonian (3). The reason for this is that compared to (32) the appearance of the creation and annihilation operator in (35) are in different places. However, this can be changed if the A operator can be replaced by A # and vice versa in (32). In turn this is possible if we change the sign of the interaction i.e, f (x) → −f (x) in (7). Then we find
In this case the generalized Dirac oscillator Hamiltonian (3) becomes
which is the same as H GJC when we identify Ω = c, δ = mc 2 . This identification however changes the structure of the solution of the model. For instance, let us consider f (x) = −D + (A + iB)e −αx . Then the solutions of the GJC model are given by
where φ − 0 and φ ± n are defined by (Eqs. 18, 19) . We note that in this case the ground state is a spin down singlet while for the GAJC model it is a spin up singlet.
Here we have considered the generalized Dirac oscillator system and derived the condition for which it is pseudo Hermitian. Exact solutions of a couple of generalized Dirac oscillators have been obtained. Furthermore, it has been shown that the generalized Dirac oscillator can be identified with the the GAJC type Hamiltonians and by spin flip they can also be associated with GJC type Hamiltonians.
